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We show that Weyl semimetals exhibit a mixed axial-torsional anomaly in the presence of axial
torsion, a concept exclusive of these materials with no known natural fundamental interpretation in
terms of the geometry of spacetime. This anomaly implies a nonconservation of the axial current—
the difference in current of left- and right-handed chiral fermions—when the torsion of the spacetime
in which the Weyl fermions move couples with opposite sign to different chiralities. The anomaly is
activated by driving transverse sound waves through a Weyl semimetal with a spatially varying tilted
dispersion, which can be engineered by applying strain. This leads to sizable alternating current in
presence of a magnetic field that provides a clear-cut experimental signature of our predictions.
PACS numbers: 71.10.-w, 71.20.-b, 71.23.-k,72.10.-d
Introduction.—The recently realized Weyl semimet-
als [1–10] are gapless three-dimensional topological ma-
terials whose low energy excitations are Weyl fermions.
In field theory, Weyl fermions exhibit the chiral
anomaly [11, 12], the phenomena that their current in
the presence of nonorthogonal electric ~E and magnetic
~B fields is not conserved at the quantum level. The
continuity equation for the four-current JµL/R of a single
Weyl fermion of a given chirality (left or right handed)
reads [13] ∂µJ
µ
L/R = ± e ~E · ~B/12pi2~2. In the condensed
matter realization of Weyl semimetals, the Weyl fermions
necessarily come in pairs of opposite chirality [14]. Due
to the chiral anomaly, their associated currents are not
individually conserved; the freedom of having indepen-
dent gauge fields coupling to each chirality means that a
cancellation of the chiral anomaly between the two chi-
ralities does not necessarily happen, and conservation of
the total vector current Jµ = JµL + J
µ
R is not guaran-
teed [15]. Vector current conservation can be recovered
by picking a specific, left-right asymmetric regularization
of the underlying quantum field theory, which as a con-
sequence results in the axial current Jµ5 = J
µ
L − JµR not
being conserved [11, 12, 15–18]: ∂µJ
µ
5 = e
~E · ~B/2pi2~2.
This nonconservation of the axial current is referred to
as the axial anomaly (in the condensed matter literature
it is often also called the chiral anomaly). It is important
to note that at the field theory level the chiral anomaly
only forbids the simultaneous conservation of the vector
and axial currents, but it is a natural physical choice
to impose conservation of the vector current. The ax-
ial anomaly is predicted to result in a negative magne-
toresistance in Weyl semimetals [19–22], which has been
experimentally observed [23–26].
The aforementioned freedom to have independent
gauge fields for each chirality means that the axial
anomaly gets a contribution beyond the electromagnetic
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one. This contribution occurs in the presence of axial
gauge fields, A5µ = (A
L
µ − ARµ )/2, which arise in Helium-
3 [27, 28] and are induced for example by strain or in-
homogeneous magnetization [29, 30] in Weyl semimetals.
The axial fields couple to the two chiralities with oppo-
site sign, and in analogy to electromagnetic fields give
rise to a continuity equation for the axial current of the
form [15, 31] ∂µJ
µ
5 = e
~E5 · ~B5/6pi2~2, where the axial
electric and magnetic fields, ~E5 and ~B5, are obtained
from A5µ analogously to their electromagnetic counter-
parts. This leads to alternative signatures for the axial
anomaly in strained Weyl semimetals [32, 33], while the
mere presence of the axial gauge fields implies a plethora
of new phenomena in Weyl semimetals [34–42].
A further, less studied, contribution to the axial
anomaly results from torsion of spacetime. An intuitive
notion of torsion comes from its effect on vector fields:
vectors are twisted when parallel transported around a
curve in a differential manifold with torsion [43]. While
there is no experimental evidence for torsion in the space-
time of our universe, extensions of general relativity that
include torsion, such as the Einstein-Cartan theory [44],
exist. In condensed matter, torsion is, however, al-
lowed and has been discussed in the context of Weyl
semimetals [45–52], topological insulators [45, 53, 54],
graphene [55], and Helium-3 [56]. Since torsion affects
spacetime, it influences the energy-momentum tensor,
which for a single Weyl fermion cannot be jointly con-
served with the electric current. This obstruction to a
simultaneous conservation of energy-momentum and cur-
rent is usually referred to as a mixed anomaly. However,
as before, in the presence of pairs of Weyl fermions of
opposite chirality one can impose conservation of both
energy-momentum and current, at the cost of nonconser-
vation of the axial current, which now acquires torsional
corrections beyond the (axial) electromagnetic contri-
butions [45, 52, 57]—this is the mixed axial-torsional
anomaly. In addition, spacetime curvature can result in
gravitational contributions to the axial anomaly [58]—we
do not discuss these here.
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2A natural question now arises: is there, analogously
to axial electromagnetic fields, a notion of axial torsional
fields, and if so, do they give rise to new additional terms
in the axial anomaly? At the face of it, the answer would
seem to be no, since torsion is a property of spacetime and
as such does not know about chiralities, at least not at a
fundamental level. However, we show in this work that
in a material such as a Weyl semimetal, axial torsion is
realized under the application of strain. We derive the re-
sulting mixed axial-torsional anomaly with axial torsion,
and propose a realistic experimental setup that activates
it. This work constitutes the first proposal for the re-
alization and measurement of torsional contributions to
the axial anomaly.
Mixed axial-torsional anomaly.— In a system consist-
ing of a pair of left- and right-handed Weyl fermions, the
torsional contribution to the axial anomaly reads
∂µJ
µ
5 =
e
16pi2l2
µνρλ
(
T aµνT
b
ρλ +
l2
l25
T 5,aµν T
5,b
ρλ
)
ηab, (1)
where ηab is the Minkowsky metric, a, µ = t, x, y, z, and
T aµν and T
5,a
µν are the torsion and axial torsion tensor
respectively, which we define below. The first term in
Eq. (1) is known as the Nieh-Yan term [57, 59], while
the second axial torsion term is new and is our main re-
sult. The derivation of the axial torsion term proceeds
similarly to that of the axial anomaly in the presence of
axial gauge fields [15]: We start from the known expres-
sion [57] of the mixed axial-torsional anomaly of Weyl
fermions, and allow for axial torsion. This directly re-
sults in an apparent nonconservation of both axial and
vector currents; to restore vector-current conservation we
need to depart from a left-right symmetric regularization
by introducing Bardeen counterterms [60], resulting in
Eq. (1). For details we refer the reader to appendix A.
An important difference to the universal electromagnetic
contributions to the axial anomaly, is that the torsional
contributions are nonuniversal and depend explicitly on
the regularization through the cut-off length scales l and
l5. Moreover, different regularizations, still respecting
current and energy-momentum conservation, character-
ized by additional Bardeen counterterms, change the co-
efficient of the axial torsion term, such that even the ratio
l/l5 is nonuniversal.
To define the (axial) torsion tensor, we introduce a set
of four orthonormal basis vectors eµa , one for each space-
time component a, at each point of the manifold (see for
example [43, 61]). Being an orthonormal basis the vec-
tors fulfill gµνe
µ
ae
ν
b = ηab, where gµν is the (covariant)
metric tensor. eµa is usually referred to as the frame field,
and we define its inverse, the coframe field eaµ, such that
eµae
a
ν = δ
µ
ν . In terms of these fields, the contravariant and
covariant metrics are gµν = eµae
ν
bη
ab and gµν = e
a
µe
b
νηab.
The torsion tensor is simply defined as the field strength
of the coframe field T aµν = ∂µe
a
ν − ∂νeaµ; in analogy with
the electromagnetic field we can then define a set of four
(one for each spacetime component a) torsional electric
and magnetic fields Eai = ∂teai − ∂ieat and Bai = ijk∂jeak,
where i = x, y, z. Similarly, we define the axial torsion
tensor to be the field strength of the axial coframe field
e5,aµ = (e
L,a
µ − eR,aµ )/2, where we allow for the possibil-
ity that left- and right-handed fermions have different
coupling to the background geometry, described by the
two distinct frame fields e
L/R,a
µ . The axial torsional elec-
tric and magnetic fields are then given by E5,ai = ∂te5,ai −
∂ie
5,a
t and B5,ai = ijk∂je5,ak , and the anomaly Eq. (1) can
be written as 2pi2l2∂µJ
µ
5 = e
~Ea · ~B a + el2/l25 ~E 5a · ~B 5,a.
Activating the mixed axial-torsional anomaly therefore
requires the presence of nonorthogonal (axial) torsional
electric and torsional magnetic fields.
Weyl semimetals with spatially varying dispersion.—
To put the anomaly Eq. (1) in the context of a specific
system, we consider a minimal linear model of a Weyl
semimetal consisting of two Weyl nodes of opposite chi-
rality, separated in momentum space by a reciprocal vec-
tor 2Ki = (0, 0, 2K). The Hamiltonian for each chirality
reads
HL/R = i~v
2
[
Ψ¯
(
e
L/R,i
t ± σjeL/R,ij
)
∂iΨ
− (∂iΨ¯)
(
e
L/R,i
t ± σjeL/R,i)j
)
Ψ
]
, (2)
where σj are the Pauli matrices. The term ve
L/R,i
j is a
generalized anisotropic Fermi velocity for each chirality,
whereas ve
L/R,i
t tilts the Weyl cones [62–64]. The frame
field notation naturally accounts for inhomogeneities
by allowing the tilt and Fermi velocity to depend on
space [65], in which case both quantities can be seen as
a distortion of the geometry of the medium in which the
Weyl fermions move [66–68]. It is precisely a frame field,
as in Eq. (2) but without chirality dependence, which
gives the coupling of Weyl fermions to the background
geometry in the standard field theoretical formalism de-
scribing Weyl fermions in curved space [43, 45, 54]. In
our model, in contrast, each chirality is allowed to couple
differently to the geometry and there is no spin connec-
tion. The latter feature means that the inhomogeneous
tilt and Fermi velocity are only equivalent to a distortion
of space when the spacetime curvature vanishes; although
not necessary for our results, all configurations we con-
sider have vanishing curvature.
We are now in a position to consider a possible re-
alization of axial torsion. Take the boundary of the
Weyl semimetal (2), with a tilt along the z direction
and an isotropic and homogeneous Fermi velocity v.
We model a boundary at x = 0 by the space depen-
dent Weyl node separation vector Kz = KΘ(x) and tilt
e
L/R,z
t = ∓rΘ(x), with r a constant. The gradient in Kz
gives an axial magnetic field B5y = ~Kδ(x) at the sur-
face, the zeroth Landau level of which are the Fermi arcs
[33], whereas the tilt gradient gives the desired axial tor-
sional magnetic field B5,ty = rδ(x). In order to isolate the
torsional field, we take an interface between the above
defined tilted Weyl semimetal, and the same without the
tilt, as represented in Fig. 1. The tilt gradient still gives
3rise to Bt,5y at the interface, but, crucially, the absence of
a gradient in the Weyl node separation means that the
axial magnetic field vanishes, and there are no Fermi arcs
at the interface. Such a stacked Weyl semimetal configu-
ration will be used further down for the activation of the
axial-torsional anomaly, and will be important to isolate
the torsional contribution from the axial gauge field con-
tribution. For practical purposes it is enough that the
torsional contribution dominates, so it is sufficient that
the gradient of tilt is considerably bigger than the gradi-
ent of Weyl node separation, relaxing the strict condition
of equal Weyl node separation across the interface.
Strain in Weyl semimetals.— In the model Hamilto-
nian (2), the microscopic origin of the inhomogeneous
tilt and Fermi velocities was not specified; we now argue
that both arise from the application of strain. In the con-
tinuum limit, displacements of the atoms in a solid are
captured by the displacement vector ui(x, y, z). An in-
homogeneous displacement vector field generates strain,
and nonzero strain indicates that the spatial geometry
of the elastic medium has been distorted. In fact, the
change in the spatial components of the metric is given
in terms of the displacement vector [69] as gij = δij+2uij ,
with uij the strain tensor uij = 1/2(∂iuj + ∂jui).
While such strain-based elasticity theory is quite use-
ful, it is not general enough to model all effects gener-
ated by the coupling of spin-orbit coupled materials to
geometric deformations; the more fundamental quantity
of the frame field eµa is needed in this case [54]. From a
lattice point of view, the frame is a set of four vectors
residing on each lattice site at any given time, encoding
the local bond stretching through their spatial lengths,
and the local orbital orientation through their relative
angles. Importantly, while the metric does not capture
local orbital deformations, the frame field does. This
modification of elasticity theory is related to micropolar
or “Cosserat” elasticity [70]. To first order in the dis-
placement vector, the frame and coframe fields are given
by [54] eia = δ
i
a − δak ∂iuk and eai = δai + δak ∂iuk.
The presence, in a Weyl semimetal, of the vector scale
Ki that gives the node separation, implies that the above
expression for the frame field is not sufficient to encode
all the effects of strain. Symmetry arguments [71] and
tight-binding derivations [29, 35] entail that there are two
strain terms in the Hamiltonian that can be constructed
by contracting the strain tensor with Ki: a pseudoscalar
C ~vKjuijki, with ki the momentum, and a pseudovec-
tor (or axial vector) A5i = β ~Kju
j
i , with C and β model-
dependent constants. Since C has units of length, we
write C = γa, where a is the typical lattice spacing and
γ is a dimensionless model dependent parameter; β is
a dimensionless constant that in tight-binding calcula-
tions [29] is equal to the Gru¨neisen parameter, which is
a measure of a crystal’s sensitivity to strain, of the given
model. The “pseudo” nature of these terms implies they
couple with opposite sign to the two chiralities. The
pseudoscalar term contributes to ei0 and tilts the Weyl
cones, whereas the pseudovector term acts as an axial
FIG. 1. Weyl semimetal heterostructure with a tilted inter-
face. Two slabs of Weyl semimetal are stacked along the x
axis, both of them with two Weyl nodes separated by identical
distances of 2K along the z axis in reciprocal space. There is
a finite inversion symmetric tilt along the z direction in the
lower slab, while the tilt vanishes in the upper one.
gauge field, called the elastic gauge field [72]. Hence, the
strained system is described by the Hamiltonian (2), fix-
ing the Weyl node separation to 2Ki = (0, 0, 2K), with
the modified frame field
eL/R,ia = δ
i
a − δak ∂iuk ∓ γaKδtaδikukz , (3)
coframe field
e
L/R,a
i = δ
a
i + δ
a
k ∂iu
k ± γaKδat δki uzk, (4)
and minimal axial coupling to the elastic gauge field
~∂i → ~∂i ± iA5i , A5i = ~βKuzi . (5)
Realization of the mixed axial-torsional anomaly.—
Having established a possible microscopic origin for the
chiral frame fields, we return to the heterostructure of
Fig. 1, with constant Weyl node separation but varying
tilt. One way to achieve this is to stack (here in the x-
direction) two Weyl semimetals with vanishing tilt but
different Weyl node separation (here in the z-direction).
To make the Weyl node separation similar, we apply an
uniaxial strain uz = αz to one side, where α = ∆L/L
measures the elongation of the crystal. This strain
modifies the Weyl node separation K → K + A5z/~ =
K(1+βα) and is tuned to make the separation similar in
the two samples. At the same time, the strained sample
gets tilted in the z direction, resulting in a tilt gradient
across the interface: e
L/R,z
t = ∓γaKuzz = ∓γaKαΘ(x).
Alternatively, the Weyl node separation can be tuned by
the application of a magnetic field through the Zeeman
term [73]. Although the above procedure can be gener-
alized to Weyl semimetals with multiple Weyl nodes, it
may be technically challenging. Encouragingly, propos-
als for minimal time-reversal breaking Weyl semimetals,
4with a single pair of Weyl nodes, in magnetic Heusler al-
loys have been put forward [74]; these would be ideal for
realizing the tilted interface just described.
The tilt gradient through the interface generates an
axial torsional magnetic field B5,ty = γaKα δ(x), while
the axial magnetic field, which is generated by spatial
variation in the node separation, vanishes. To acti-
vate the anomaly, we additionally need a torsional ax-
ial electric field. This can be achieved by a compo-
nent of the displacement vector uy(z, t), which can be
realized by driving transverse sound waves through the
crystal, resulting in uy(z, t) = u0 sin(ksz − ωt), with
ks = ω/cs the wave number, ω the frequency, and cs
the sound velocity. Such a displacement vector gives rise
to E5,ty = γaKu0ω2 sin(ksz − ωt)/cs. It also, in fact,
gives rise to an axial electric field E5y , but since the axial
magnetic field vanishes, the axial gauge field contribution
to the anomaly also vanishes. The mixed axial-torsional
anomaly is therefore the only contribution to the anomaly
in this setup.
We solve the torsional anomaly equation for the ax-
ial charge density assuming ∂iJ
i
5 = 0. In the presence
of intervalley scattering with scattering time τv [75], the
anomaly equation takes the form ∂tn5 = ~E 5a · ~B 5,a/2pi2l25−
n5/τv, where n5 = J
0
5/e is the axial number density. In-
serting the explicit form of the torsional fields and solving
for the density in the limit where the phonon frequency is
much larger than the intervalley scattering rate ωτv  1,
we get, at long times t τv,
n5 = −γ
2K2αu0 ω
2pi2cs
cos(ksz − ωt) δ(x). (6)
In arriving at Eq. (6) we have taken the cut-off length
scale l5 = a equal to the lattice spacing, the physical cut-
off length scale of the crystal. Notice that the (co)frame
field vanishes outside the material and therefore its to-
tal flux through the sample must vanish
∫
dxdz B5,ty =
0 [21]. Consequently, there must be a contribution to the
anomaly localized at the lower surface [Fig. 1], where the
tilt gradient has a sign opposite to that at the interface,
such that the total (spatially integrated) axial number
density is conserved [76].
Experimental detection.—To experimentally detect the
spacetime oscillating axial charge (6), we make use of
the chiral magnetic effect [77, 78]. Due to this effect, a
magnetic field in the z direction [79] induces a current
JzCME = e
2µ5B/2pi
2~2 parallel to the applied magnetic
field, where µ5 = (µL − µR)/2 is the axial chemical po-
tential. In the weak field limit ~eB  µ25/v2, n5 is related
to µ5 according to 3pi
2~3v3n5 = µ35 + µ5(pi2κ2BT 2 + µ2),
where T and µ are the temperature and chemical po-
tential [77]. In the realistic limit µ, κBT  µ5 we can
drop the µ35 term. Crucially, the chiral magnetic current
JzCME, being proportional to the axial chemical potential,
is only nonzero if the axial anomaly is activated.
The two-dimensional chiral magnetic current density
at the interface between the two Weyl semimetals, using
FIG. 2. The mixed axial-torsional anomaly is activated by
driving transverse phonons through the Weyl semimetal het-
erostructure represented in Fig. 1. The subsequent applica-
tion of a magnetic field in the z direction (horizontal axis in
the picture) yields the above depicted charge density wave
(CDW) at the tilted interface. The sinusoidal pattern repre-
sents the magnitude of the charge at each point in the inter-
face. The red and blue arrows represent the direction of the
current at the points where the CDW amplitude has its max-
ima and minima, respectively, while the black arrows point
towards the direction of propagation of the CDW. Two leads
are placed at each side of the interface, such that the prop-
agating CDW generates an alternating current through the
circuit.
Eq. (6), now reads
J =
∫
dx JzCME = −
3~3v3γ2K2αu0 ωB
2cs(pi2κ2BT
2 + µ2)
cos(ksz − ωt).
(7)
Due to current conservation ∂µJ
µ = 0, this generates a
propagating charge density wave with charge density ρ =
J0 = J/cs. The mixed axial-torsional anomaly can then
be tested by measuring the AC current J flowing through
current leads placed at opposite sides of the interface
[Fig. 2]. For typical values v = 106 m/s, K = 109 m−1,
γ = 1, µ = 10 meV, for strain of 3%, phonon amplitude
u0 = a/10, with lattice constant a = 5 A˚, sound speed
cs = 2× 103 m/s, and driving frequency ω = 1 THz, we
estimate the amplitude of the high frequency AC current
at room temperature to be J = 0.9B A/m, with B in
Tesla. For a magnetic field of B = 10 mT, which fulfills
the weak field condition, we thus obtain J = 9 mA/m.
Assuming a sample given by a ribbon of 5 µm width, the
amplitude of the total current that passes through the
leads is then J = 45 nA, which is well within the range
of existing experimental probes. The linear dependence
of the current amplitude with the magnetic field serves
as well to distinguish it from noise.
Discussion.— In this work we have demonstrated that
a hitherto overlooked anomaly, the mixed axial-torsional
anomaly with axial torsion, is naturally realised in a
condensed matter setting. In particular, we demon-
strated that this anomaly should be detectable, within
5the current experimental capabilities, by driving trans-
verse sound waves through tilted Weyl semimetal inter-
faces, and measuring the induced alternating currents in
the presence of an external magnetic field. For driving
phonon frequencies in the THz regime, and a small value
of the magnetic field of 10 mT, we predict a current am-
plitude of around 40 nA.
Our treatment of the axial-torsional anomaly with ax-
ial torsion opens the path for a more in-depth study of
anomaly induced torsional responses in Weyl systems.
On the experimental and phenomenological side, other
implementations of inhomogeneities, such as magnetiza-
tion in magnetic Weyl semimetals, which could give rise
to nonvanishing torsion are worth exploring. Another
appealing direction is to extend the methodology pre-
sented here to study the realization of a mixed axial-
gravitational anomaly, to come up with a realization of
axial curvature, and study how it modifies the gravita-
tional contributions to the anomaly. All these effects
could in principle be engineered in Weyl semimetals.
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Appendix A: Derivation of the mixed axial-torsional
anomaly with axial torsion
Here we derive the expression for the mixed axial-
torsional anomaly in the presence of axial torsion fields,
and for vanishing curvature. But before going into the
actual derivation, we need some definitions. Let us in-
troduce the affine connection, Γ ρµν , and write it down as
Γ ρµν = Γ¯
ρ
µν + C
ρ
µν . The first contribution is the Levi-
Civita connection, which for vanishing curvature can be
chosen to vanish everywhere. The second contribution
is the contorsion tensor, related to the torsion tensor as
2C ρµν = T
ρ
µν + T
ρ
ν µ + T
ρ
µν . See that C is antisym-
metric in its last two indexes. We can now define, in flat
space, the covariant derivative acting on contravariant
vectors ∇µV ν = ∂µV ν + C νγµ V γ and second rank ten-
sors ∇µV νρ = ∂µV νρ + C νγµ V γρ + C ργµ V νγ . It follows
that the covariant divergence of a vector is equal to the
ordinary divergence, ∇µV µ = ∂µV µ + C µγµ V γ = ∂µV µ,
whereas the covariant divergence of a tensor is ∇µV νµ =
∂µV
νµ + C νγµ V
γµ.
Now we are ready to compute the anomaly in the pres-
ence of axial torsion fields. We start from the known ex-
pression of the axial-torsional anomaly in the absence of
axial fields (e
a(L)
µ = e
a(R)
µ ) [45, 57]
∂µJ
µ
5 =
e
16pi2l2
µνρλT aµνT
b
ρληab, (A1)
with l an UV cut-off and T aµν = ∂µe
a
ν − ∂νeaµ the torsion
tensor in the absence of background curvature. In terms
of the individual anomalies for left- and right-handed
fermions, Eq. (A1) reads
∂µJ
µ
L,R = ±
e
32pi2l2
µνρλT a(L,R)µν T
b(L,R)
ρλ ηab. (A2)
with T
a(L,R)
µν = ∂µe
a(L,R)
ν − ∂νea(L,R)µ . Here the anomaly
lies entirely in the U(1) sector. It breaks gauge invariance
of chiral fermions, but respects diffeomorphism symme-
try. This means that the energy-momentum tensor is
conserved, ∇µT νµ = 0. Notice that the covariant di-
vergence of T νµ can be written as ∇µ(eνaT aµ) = ∇µT aµ,
where we have used the fact that ∇µeνa = 0, which is usu-
ally called the tetrad postulate. The energy-momentum
tensor, T aµ, is defined as the functional derivative of the
action with respect to the coframe field
T aµ = 1
det e
δS
δebµ
ηab. (A3)
Next we allow for e
a(L)
µ 6= ea(R)µ and define: eaµ =
(e
a(L)
µ + e
a(R)
µ )/2, e5,aµ = (e
a(L)
µ − ea(R)µ )/2, T aµν =
T
a(L)
µν /2 + T
a(R)
µν /2 = ∂µe
a
ν − ∂νeaµ, T 5,aµν = T a(L)µν /2 −
T
a(R)
µν /2 = ∂µe
5,a
ν − ∂νe5,aµ . Now, in terms of vector and
axial currents Eq. (A2) becomes
∂µJ
µ =
e
8pi2l2
µνρλT aµνT
5,b
ρλ ηab, (A4)
∂µJ
µ
5 =
e
16pi2l2
µνρλ
(
T aµνT
b
ρλ + T
5,a
µν T
5,b
ρλ
)
ηab. (A5)
We see that because of a finite T 5, the divergence of
the axial current acquires an additional axial field con-
tribution, and what is more worrying, the vector current
is no longer conserved. This is telling us that, in the
presence of T 5, our left-right symmetric regularization
is not physical, and that we must choose an alterna-
tive, gauge invariant, regularization such that the vec-
tor current is conserved. This can be done by adding
(non-gauge invariant) local counterterms to the action,
called Bardeen counterterms [60], with the additional
caveat that the diffeomorphism symmetry has to be re-
spected in the process. This is at the end, the condition
∂µJ
µ = ∇µT aµ = 0 must be fulfilled.
Following the above argumentation, there is a Bardeen
counterterm that cancels the vector current non-
conservation of Eq. (A4) while still respecting the con-
servation of the energy-momentum tensor. This term is
Sc.t. = − e
4pi2l2
∫
d4x µνρλAµe
5,a
ν T
b
ρληab. (A6)
If we compute the divergence of the current and energy-
momentum tensor arising from Sc.t. we get
∂µJ
µ = ∂µ
δSc.t.
δAµ
= − e
8pi2l2
µνρλT aµνT
5,b
ρλ ηab, (A7)
6∇µT aµ = ∇µ 1
det e
δSc.t.
δebµ
ηab = 0. (A8)
Such a Bardeen counterterm switches the anomaly from
the vector current to the axial energy-momentum tensor,
which is no longer conserved. The consequences of a non-
conservation of the axial energy-momentum tensor will
be discussed elsewhere. After adding the countribution
in Eq. (A6) we get
∂µJ
µ = 0, (A9)
∂µJ
µ
5 =
e
16pi2l2
µνρλ
(
T aµνT
b
ρλ + T
5,a
µν T
5,b
ρλ
)
ηab. (A10)
Beyond the term defined in Eq. (A6), mandatory to
recover gauge invariance, there is another Bardeen coun-
terterm that can be defined while respecting both gauge
and diffeomorphism invariance. It mixes axial gauge and
frame fields, and reads
eC1
8pi2l2
∫
d4xµνρλA5µe
5,a
ν T
5,b
ρλ ηab (A11)
where C1 is an arbitrary, regularization dependent con-
stant. This term contributes to the divergence of the
axial current as
∂µJ
µ
5 =
e
16pi2l2
µνρλ
(
T aµνT
b
ρλ + (1 + C1)T
5,a
µν T
5,b
ρλ
)
ηab.
(A12)
Absorbing the constant C1 into a new length scale l
2
5 =
l2/C1 we get the mixed axial-torsional anomaly as pre-
sented in the main text
∂µJ
µ
5 =
e
16pi2l2
µνρλ
(
T aµνT
b
ρλ +
l2
l25
T 5,aµν T
5,b
ρλ
)
ηab. (A13)
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